In this study, the solution to the free vibration problem of axially graded beams with a non-uniform cross-section has been presented. The proposed approach relies on replacing functions characterizing functionally graded beams by piecewise exponential functions. The frequency equation has been derived for axially graded beams divided into an arbitrary number of subintervals. Numerical examples show the influence of the parameters of the functionally graded beams on the free vibration frequencies for different boundary conditions.
Introduction
Functionally graded materials (FGMs) are a novel class of composites which have continuous variation of material properties from one constituent to another. As a result, they have various advantages over the classical composite laminates. For example, using FGMs, we avoid stress concentrations typical for heterogeneous structures with jump a discontinuity between dissimilar materials. For this reason, FGMs are widely used in mechanical, nuclear, aerospace, biomedical and civil engineering. Simultaneously, because of wide applications of FGMs, it is very important to study static and dynamic analysis of functionally graded structures, such as plates, shells and beams. In this paper, the object of consideration is the problem of free vibration of functionally graded (FG) beams. For FG beams, the gradient variation may be oriented in the axial and/or in the cross-section direction.
The literature on vibration analysis of FG beams with thickness-wise gradient variation is very extensive. For example, Anandrao et al. (2012) made free vibration analysis of functionally graded beams using the principle of virtual work to obtain a finite element system of equations. The variation of material properties across the thickness of the beam was governed by a power law distribution. The same type of variation of the beam properties was also assumed by Sina et al. (2009) . They solved the resulting system of ordinary differential equations of free vibration analysis by using an exact method. An analytical solution to study free vibration of exponential functionally graded beams with a single delamination was developed by Liu and Shu (2014) . Pradhan and Chakraverty (2013) used the Rayleigh-Ritz model to analyse free vibration of FG beams with material properties that continuously vary in the thickness direction according to the power-law exponent form. This type of gradation was also assumed by Wattanasakulpong and Ungbhakorn (2012) . They applied the differential transformation method to solve the governing equation of free vibration of FG beams supported by various types of general boundary conditions. The line spring model to solve the free vibration problem of an exponentially graded cracked beam was employed by Matbuly et al. (2009) .
Free vibration analysis for axially graded beams has become more complicated because of the governing equation with variable coefficients. For example, Wu et al. (2005) applied the semi-inverse method to find solutions to the dynamic equation of axially functionally graded simply supported beams. Huang and Li (2010) studied free vibration of axially functionally graded beams by using the Fredholm integral equations. Hein and Feklistova (2011) applied the Haar wavelet approach to analyse free vibration of axially functionally graded beams. The differential transform element method and differential quadrature element method of the lowest order were used to solve free vibration and stability problems of FG beams by Shahba and Rajasekaran (2012) . The exact solution to free vibration of exponentially axially graded beams was presented by Li et al. (2013) . Explicit frequency equations of free vibration of exponentially FG Timoshenko beams were derived by Tang et al. (2014) . Huang et al. (2013) presented a new approach to the investigation of free vibration of axially functionally graded Timoshenko beams. By applying auxiliary functions, they transformed the coupled governing equations into a single governing equation. Moreover, there are some studies related with the problem of free vibration of FG beams where the gradation of the material is assumed to be along any of the possible Cartesian coordinates, see Alshorbagy et al. (2011) , by Shahba et al. (2013) . A review of researches on FG beam type structures can be found in Chauhan and Khan (2014) .
In this contribution, we propose a new approach to free vibration analysis of FG beams with arbitrary axial inhomogeneity. The main idea presented in this paper is to approximate an FG beam by an equivalent beam with piece-wise exponentially varying material and geometrical properties. Considerations are carried out in the framework of the Euler-Bernoulli beam theory. Taking into account various boundary conditions associated with clamped, pinned and free ends, numerical solutions are obtained for different functions describing gradient variation of material/geometrical properties of an FG beam. The effectiveness of the proposed approach is confirmed by comparing the obtained numerical results with other numerical solutions available in the existing literature for homogeneous and nonhomogeneous beams. The proposed method is a certain generalization of the approach presented by Kukla and Rychlewska (2014).
Equations of motion
An axially graded and non-uniform beam of length L is considered. In this contribution, the material properties and/or cross-section of the beam are assumed to vary continuously along the axial direction. Based on the Euler-Bernoulli beam theory, Lebed and Karnovsky (2000) , the governing differential equation is given by
where x is the axial coordinate, A(x) is the cross-section area, I(x) is the moment of inertia, E(x) denotes the modulus of elasticity, ρ(x) is the material density and w(x, t) is the transverse deflection at the position x and time t. In order to investigate free vibration of the beam, we assume that
where W (x) is the amplitude of vibration and ω is the circular frequency of vibration. Substituting (2.2) into (2.1) and introducing the non-dimensional coordinate ξ = x/L, we can transform governing equation (2.1) into
In the subsequent analysis, it is assumed that 
where ξ 0 = 0 and ξ n = 1. The
. . , n we determine by using the following relationships (i = 1, . . . , n)
Hence (i = 1, . . . , n)
We shall also assume that the transverse deflection of the beam has the form
Hence, the governing system of equations for such a piecewise beam can be expressed by
Introducing denotations
equations (2.10) can be rewritten as
After some manipulations. equations (2.12) reduce to the form
The parameters β i in equations (2.8) have been determined from the function g(·) corresponding to the stiffness of the beam. These parameters can be determined also by using the function h(·) corresponding to mass of the beam. In this case, we assume that
and
Then we have 
Solution to the free vibration problem
On the assumption β 2 i < µ i Ω, the general solution to equations (2.13) has the form
. . , n. In order to analyse the free vibration of functionally graded beams, solution (3.1) has to be applied to certain boundary conditions. In this paper we shall consider the following types of boundary conditions: -clamped-clamped beam (C-C)
-pinned-pinned beam (P-P)
The matching conditions between two connecting elements of the piecewise beams satisfy the following continuity conditions
Substituting functions (3.1) into one of the set of boundary conditions (3.2)-(3.7) and continuity conditions given by equations (3.8), we obtain a system of 4n equations which can be written in the matrix form
where
The matrix A can be expressed as
where the matrices B 1 , B n of size (2 × 4n) represent the boundary conditions and matrices C i , i = 1, . . . , n − 1 of size (4 × 4n) represent the continuity conditions. The matrices associated with the boundary conditions corresponding to the four kinds of end supports can be written as follows: -clamped-clamped beams
-pinned-pinned beams
-free-clamped beams 
For clamped-pinned and pinned-clamped beams, the matrices B 1 , B n are given by equations (3.11) 1 -(3.13) 2 and (3.13) 1 -(3.11) 2 , respectively. The matrices associated with the continuity conditions are represented by
The non-zero elements of these matrices are given in Appendix. The determinant of the matrix A has to vanish for a non-trivial solution of equation (3.9) to exist. The frequency equation
is then solved numerically using an approximate method.
Numerical results
The numerical computations have been carried out for an FG beam which was divided into n segments of the same length. The functions g(·), h(·) introduced into equations (2.4) are assumed in the form g(ξ) = (1 + γξ) α , h(ξ) = 1 + γξ. In the computations, the formulae given by equation (2.8) have been used. The first three non-dimensional free vibration frequencies obtained in the present study for n = 100 are listed in Tables 1 and 2 The effects of parameters α, γ and the number of segments n on the first three nondimensional frequencies for different boundary conditions are presented in Tables 3-5 . It can be observed that an increase in the value of the parameter α causes an increase in the difference between the results obtained for n = 5, n = 10 and n = 20, respectively. Figure 1 presents the first free vibration frequencies calculated for the functions g(ξ) = (1 + γξ) α and h(ξ) = 1 + γξ for α = 1, α = 2 and α = 3. The calculations have been performed for six types of boundary conditions. It can be noticed that variation of the parameter γ has a significant effect on the free vibration frequency. For the clamped-free beams, the greatest impact of the parameter γ occurs for α = 1, and for all the other boundary conditions under considerations it is for α = 3. For the clamped-clamped and pinned-pinned beams, the differences between the values of free vibration frequencies for α = 1 are negligible. Table 3 . The first non-dimensional free vibration frequency for different boundary conditions, Table 4 . The second non-dimensional free vibration frequency for different boundary conditions, Table 5 . The third non-dimensional free vibration frequency for different boundary conditions, The presented numerical results have been obtained by using coefficients d i , m i , β i , i = 1, . . . , n, given by equations (2.8). Numerical computations show that the application of equations (2.16) leads to results which are in good agreement with the obtained by using equations (2.8).
Conclusions
In the paper, a solution to the free vibration problem of axially functionally graded beams is presented. An exact solution is derived for axially piece-wise exponential graded beams. The frequency equation for beams with various combinations of clamped, pinned and free ends has been obtained. In this approach, the distributed parameters which describe continuous axial changes of the material properties of the beam are approximated by piecewise exponential functions. The non-dimensional free vibration frequencies for a chosen function characterizing the functionally graded beams have been numerically computed. An improvement of the accuracy of the numerical results for a larger number of beam subsections applied in the method has been demonstrated. A high agreement of the numerical results obtained by using the presented method with the results obtained by using the power series method as well as with results given by other authors has also been observed. The numerical investigation shows that the beam stiffness distribution in the axial direction significantly effects free vibration frequencies of the system. 
